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A ROKHLIN TYPE THEOREM FOR SIMPLE C*-ALGEBRAS OF 
FINITE NUCLEAR DIMENSION 


HUNG-CHANG LIAO 

Abstract. We study Z-actions on unital simple separable stably finite C'*-algebras of finite 
nuclear dimension. Assuming that the extreme boundary of the trace space is compact and 
finite dimensional, and that the induced action on the trace space is trivial, we show that 
strongly outer Z-actions have finite Rokhlin dimension in the sense of Hirshberg, Winter 
and Zacharias. 


1. Introduction 

An important classical result in ergodic theory is Rokhlin’s Lemma, which asserts that 
an ergodic measure preserving transformation on a non-atomic measure space can be ap¬ 
proximated by cyclic shift in a suitable sense. In the 1970s Alain Connes made several 
fundamental breakthroughs in the study of automorphisms of von Neumann algebras (cf. 
0 )- A key ingredient which led to the complete classihcation of Z-actions on the hyperhnite 
Ill-factor up to outer conjugacy was his discovery that suitably outer automorphisms always 
have the so-called Rokhlin property, a noncommutative analogue of Rokhlin’s Lemma. Up 
to approximation, the Rokhlin property requires the existence of a partition of unity (called 
a Rokhlin tower) consisting of mutually orthogonal projections such that the projections are 
cyclicly permuted by the automorphism. The notion of Rokhlin property was later imported 
to the realm of U*-algebras. In the 1990s Kishimoto proved similar C'*-results for certain 
AF and AT algebras (cf. [3 [7]). Later Nakamura proved an analogue for Z^-actions on 
UHF algebras (cf. [12]), and Z-actions on Kirchberg algebras [TB]. However, the original 
dehnition of Rokhlin property turns out to be quite restrictive for U*-algebras, especially 
the stably hnite ones. There have been many attempts of generalizing the dehnition (e.g. 
[T5l [20] j and obtaining the corresponding Rokhlin type theorems (e.g. mm)- Recently, 
Hirshberg, Winter and Zacharias introduced the notion of Rokhlin dimension (cf. [3]), a 
“colored” version of Rokhlin property motivated by the idea of covering dimension. It is 
proved in [3] that this generalization preserves important regularity properties at the level 
of crossed products, and applies to a much larger class of U*-algebra. With the notion of 
Rohklin dimension in hand, one can hope to prove very general analogues of Connes’ result. 
Indeed, very recently Matui and Sato made an important breakthrough, showing that for 
simple stably hnite C'*-algebras with hnite nuclear dimension and hnitely many extremal 
traces, a Z-action has hnite Rokhlin dimension if and only if it is strongly outer (cf. [3 In¬ 
troduction]). Inspired by their result and recent development of extending the Toms-Winter 
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conjecture to a C^-algebra whose trace space is a Bauer simplex, we provide the following 
result: 

Theorem 1.1. Let A be a unital separable simple stably finite nuclear C* -algebra with prop¬ 
erty (SI). Suppose the extreme boundary dT[A) of the trace space T{A) is closed and has 
finite topological covering dimension. Let a : Z —)■ Aut(74) be a strongly outer Z-action sat¬ 
isfying T{A) = T{AY, where T{A)°‘ = {r G T{A) : roa = r}. Then the Rokhlin dimension 
of a is no greater than one. 

Property (SI), as introduced by Sato ([2U]), is a technical condition that allows one to 
compare tracially small elements with tracially large elements. The precise dehnition will 
be given in Section 6. Here we simply remark that property (SI) is possessed by a huge 
class of C'*-algebras. For example, a highly non-trivial result of Matui and Sato says that 
every unital simple separable nuclear stably hnite 2^-stable C*-algebra has property (SI) 

(i)- Note that Rprdam’s result that 2^-stability implies strict comparison (|I8]) plays an 
important role there. In view of Winter’s remarkable theorem connecting hnite nuclear 
dimension and 2^-stability ([22]), every unital simple separable stably hnite C*-algebra of 
hnite nuclear dimension has property (SI). 

Every Z-action a : Z —)■ Aut(H) naturally induces an action on the trace space T{A). The 
assumption T{A) = T{A)°' amounts to saying that the induced action on T{A) is trivial. 
This assumption is trivially satished when A has a unique trace, or more generally, when a 
is approximately inner. We do not know at this point whether this assumption is essential. 
However, in the case that dT{A) is a hnite set, the argument can be modihed to prove hnite 
Rokhlin dimension regardless of the induced action on the trace space (as mentioned earlier 
this case was hrst obtained by Matui and Sato). 

The converse of Theorem 11.11 holds without assumptions on the trace space and the induced 
action. We like to think of having hnite Rokhlin dimension as a strong form of outerness. 
We will show in Section 2 that whenever a has hnite Rokhlin dimension, the restriction 
map r : r(A xIq, Z) T{A)°' must be injective. From this we deduce, using Kishimoto’s 
result (0), that the action a is strongly outer. The following corollary summarizes these 
observations. 

Corollary 1.2. Let A be a unital separable simple stably finite C*-algebra of finite nuclear 
dimension. Suppose the extreme boundary dT{A) of the trace space T{A) is closed and has 
finite topological covering dimension. Let a : Z —)■ Aut(A) be a T^-action. Assume one of the 
following holds: 

(a) T(A) = T(A)“; 

(b) dT{A) is a finite set. 

Then the following are eguivalent. 

(1) The Rokhlin dimension of a is no greater than one. 

(2) For every m G M, the restriction map r : T{A >i Q,m Z) — )■ T{A)°‘’^ is injective. 

(3) The action a -."L ^ Ant (A) is strongly outer. 
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2. Preliminaries and Overview 

In this section we present the most important dehnitions we need throughout the paper. 
We will provide a converse of Theorem 11.11 as well as an overview of the proof of the main 
theorem. 

Let us hrst recall the dehnition of Rokhlin dimension for Z-actions. 


Definition 2.1. ([3l Dehnition 2.3] ) Let A be a unital C'*-algebra and a : Z —)■ Aut(A) an 
action of the integers. We say a has Rokhlin dimension d, 

dimijofc(a) = d, 

if d is the least natural number such that the following holds: for any hnite subset F O A, 
any p G N and any e > 0, there are positive contractions 

xW Ab fii) Ab / G iO d\ 

in A satisfying 

(1) for any i G {0, whenever {q,i) (r, j), 


( 2 ) 

( 3 ) 

( 4 ) 

( 5 ) 


E d 1+r r(£) 

£=0 Z_/r=0 2—^j=0 J r,j 

db 


) - /r,i+i < ^ foi' all r G {0,1}, j G {0,1, ...,p - 2 + r} and £ G {0,..., d}, 


< 


«i(/S-i+/i:;)-(/o:o+/i:o) 






< £ for all 


\fd) 

U r J ’ 


< e for all r, j, i and a E F. 


If one can obtain this property such that for all £ one of the towers (/oj) or (/ij) vanishes, 
then we say that a has Rokhlin dimension d with single towers. 

Remark 2.2. By |31 Remark 2.4(vi)], in the above dehnition, instead of requiring the towers 
to have heights p and p — 1, one can require that there are such towers for arbitrarily large 
p, but not necessarily for every p. 

We can reformulate the dehnition using the notion of central sequence algebra. Let A be 
a unital separable C'*-algebra and uj a free ultrahlter on N. Set 

c^(A) := {{an)n e A) : lim ||a„|| = 0} 

n^u) 

and dehne the ultraproduct of A by 

A^ :=£°°(N,A)/c^(A). 
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Since A embeds into as constant sequences, we can form the relative commutant F{A) := 
A^nA'^ called the central sequence algebra of A. Note that if a : Z —)• Aut( 74 ) is a Z-action, 
then a can be promoted to well-defined actions : Z —)■ Aut(A(j) and 0 ;^^ : Z —)■ Aut(F(A)) 
by setting Q!aj((an)n) = {,C({cLn))n- One of the most important features of the ultraproduct 
(or the central sequence algebra) is that approximate relations in A become exact in 
or F{A). Therefore, one can define the Rokhlin dimension by requiring the existence of 
positive contractions /ofd, •••,/ofp_i,/ifd, •••,/ifp in F{A) instead of A, and asking (l)-(4) to 
hold exactly (with ai replaced by a^;). 

The importance of having finite Rokhlin dimension can be seen from the fact that forming 
a crossed product by such an automorphism preserves finiteness of nuclear dimension. A 
more precise statement can be found in [3]. Here we shall focus on the outerness property. 
The proof of the following proposition is essentially contained in [B]. 

Proposition 2.3. (cf. [6l Lemma 4.3]j Let A be a unital simple separable C*-algebra such 
that T{A) 7 ^ 0, and let a : Tj ^ Aut(A) be a T^-action. If a has finite Rokhlin dimension, 
then the restriction map r : T{A Z) —)■ T(A)“ is injective. 


Proof. Because of [3l Proposition 2.8], without losing generality we may assume that a has 
Rokhlin dimension d with single towers. Let ^:AxIq,Z—)-A be the canonical conditional 
expectation. Given e T(A Xq, Z), we need to show that o Let u be the unitary 

in A xIq Z implementing the action. It suffices to show that (p{au"') = 0 for all a G A and 

n e N. 

Fix n G N, a G A with ||a|| < 1, and e > 0. Put p = 2n and e' = 2 {d+i)n+i ■ 
definition of the Rokhlin dimension (with single towers), we can hnd positive contractions 
{ff’ - 0 <£<d}inA such that 


11 


Z^£=0 Z^fc=l 


(P 


< 


< e' {£ = 0,1, ...,d; k = l,...,p) 


(to see this, note that these two expressions are equal to zero in F{A)). Then 


\^p{au^)\ < 


d p 

EE 

i=0 k=l 
d p 

EE 

e=o k=i 
d p 

= EE 

e=o k=i 




+ e' 


< 




+ e' 




+ e' 


< ((d -h l)p + 1)^' 

= {2{d l)n + l)e' = £. 


□ 
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Note that the implication (1) (2) in Corollary II ■2l follows directly from the proposition 

above since if a has hnite Rokhlin dimension, then so does each power of a. Next we recall 
the dehnition of a strongly outer action from [In] . 

Definition 2.4. ([101 Dehnition 2.7]) Let R be a unital C'*-algebra with T{A) ^ 0. An 
action a : G —)■ Aut(A) of a discrete group G on A is strongly outer if for every g E G \ {e} 
and T G T(A)“3, the weak extension dig G Aut(7r.r(A)") is an outer automorphism. 

Now the implication (2) (3) in Corollary 11.21 is obtained from the following result of 

Kishimoto: 

Proposition 2.5. (]71 Proposition 2.3]j Let A be a unital C*-algebra with T{A) ^ 0 and 
a be an automorphism of A. IfT{A xi^, Z) is isomorphic with T{A)°‘ under the restriction 
map, then for every extreme point r ofT{A)°‘, the Z-action on 7rT-(A)" induced by a is outer. 

The proof of Theorem 11.11 (and hence the implication (3) (1) in Corollary II.2p relies 

on the notion of continuous lT*-bundle introduced by Ozawa in m]. We recall the basic 
dehnitions from HZ] and m. 

Definition 2.6. ( [T71 Section 5]) A continuous W* -bundle over a compact metrizable space 
(or simply a continuous W*-bundle) is a triple {Ai, K, E), where 

• is a G*-algebra, 

• A is a compact metrizable space such that C{K) C Z(M), the center of A4, 

• E : M C(K) is a faithful conditional expectation with E{ab) = E{ba) for all 
a,b e M 

such that the norm-closed unit ball of A4 is complete in the uniform 2-norm || • || 2 ,u dehned 
by := ||i?(a;*a;)||D2. We say {Ai, K,E) is separable if Ai contains a countable || • || 2 ,u- 

dense subset. For each A G A, the GNS representation nx{Ai) coming from the tracial state 
ev\ o A is called a fiber of (Ai, A, A). 

We shall say a few words about the “continuity” of a continuous hF*-bundle (Ai, K, E). 
For each x E Ai, observe that E(x*x) is a (positive) continuous function on A. Therefore 
for each X E K and e > 0 we can hnd a neighborhood A of A such that 

sup \E(x*x)(ij,)^^‘^ — E(x*x)(\)^^‘^\ < e. 

tieu 

Write ||a:|| 2 ,A := Tx(x*x)^^‘^ = E(x*x)(\)^^‘^. Then we arrive at the following “2-norm conti¬ 
nuity” : 

Proposition 2.7. Let (Ai, K,E) be a continuous W*-bundle. Let x G Ai and X E K. Then 
for every £ > 0, there exists a neighborhood U of X such that 
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Next we discuss morphisms in the category of continuous hh^-bundles. Let {Ai, K, E_m) 
and {Af, L, Ej^) be continuous hh^-bundles. A morphism from (Ad, K, E_m) to (A/", L, Ej^) is 
a pair (6^, a), where 

• 6^ : Ad —)■ A/" is a *-homomorphism, 

• (T : L —)■ iL is a continuous map, inducing a : C{K) —)■ C(L), 
such that the diagram 


Ad 


M 


E 


M 


C{K) C(L) 


Em 


commutes (cf. [T]). When 0 is a *-isomorphism and a is a homeomorphism, we say that (6^, a) 
is an isomorphism of continuous hh*-bundles. In the case that {Af,EM,L) = {Ai, Em, K), 
we say {9, a) is an automorphism of (Ad, K, E). 

One of the motivations of studying continuous hh*-bundles is the following example: 


Example 2.8. (Uniform 2-norm completion; cf. [13 H]) Let A be a unital separable C*- 
algebra with T(A) ^ 0. Dehne the uniform 2-norm || • \\ 2 ,u on A by 

||fl|| 2 ,n := sup r(a*a)^^^. 

Ter(A) 

Let be the U^-algebra of norm-bounded uniform 2-norm Cauchy sequences, modulo the 
ideal of uniform 2-norm null sequences, i.e., A is the uniform 2-norm completion of A. 

Ozawa proved in irzi that when dT{A) is compact, there exists a (faithful tracial) con¬ 
ditional expectation E : A —)■ C{dT{A)) satisfying E{a){T) = r(a) for each a E A and 
r G dT{A). This gives (A , dT{A), E) the structure of a continuous lU*-bundle. Ozawa also 
showed that the hbers are given by 7rT-(A ) = 7rT-(A)" ([13 Theorem 3]). In the case that A 
is simple and nuclear, all hbers are isomorphic to the hyperhnite IIi factor TZ. 


Let us describe the strategy of proving Theorem 11.11 For this discussion, we write 
{Ai, K,E) for the continuous lU*-bundle , dT(A), E), as dehned in Example 12.81 We 
apply Connes’ non-commutative Rokhlin theorem [ 2 | to the outer action induced by a on 
each hber 7rT-(A)". This produces a Rokhlin tower consisting of projections in each hber of 
the bundle {Ai, K, E). Now the hrst objective is to glue these towers together and build a 
global Rokhlin tower in the bundle (Ad, K,E). A standard arugument for this kind of ’’local 
to global” result is to make use of a partition of unity. However, the naive approach, namely 
taking a partition of unity from C{K), would not work, since any overlap of the open subsets 
of K would destroy the orthogonality among the Rokhlin elements. 

Therefore we take a more indirect route, which consists of two steps. The hrst step is 
to establish the fact that the hxed point subalgebra of the central sequence lU*-bundle 
Ad'^ n Ad' (see Section 3 for the precise dehnition) contains a unital copy of the matrix 








A ROKHLIN TYPE THEOREM FOR SIMPLE C'*-ALGEBRAS OF FINITE NUCLEAR DIMENSION 7 


algebra Mp for each p G N (see Proposition I3.3p . This is done by glning a hberwise result 
due to Ocneanu ([S]) using an ordinary partition of unity. We remark that the topological 
hnite dimensionality of the extreme boundary plays a crucial role here. In fact, by an 
observation of Kirchberg and Rprdam (Proposition 13.dh . it suffices to produce hnitely many 
order zero maps, i.e., completely positive maps preserving orthogonality (see the paragraph 
before Proposition 13.4p . with commuting ranges from the matrix algebra into the hxed point 
subalgebra of fl Ai'. The hniteness of topological dimensionality comes into play here 
and is closely related to the number of order zero maps. 

The second step is to utilize the extra room provided by these matrix algebras and obtain 
a ’’mutually orthogonal” partition of unity in the bundle {Ai, K, E). The idea, largely due to 
Ozawa (cf. [I?] ), is that given an ordinary partition of unity gi, § 2 , ..., Qn in C{K) C Z(Ai), 
for each X E K we can divide the identity in Mp into positive elements Pi{X),p 2 {X), ...,pn{X) 
so that J2k=iPkW = Ip nnd the (normalized) trace of Pk{X) coincides with the value of pk at 
A (see the proof of Lemma imi . Since the uniform 2-norm on Ai essentially arises from traces, 
(the global sections obtained from) these elements in some sense are good ’’simulations” of 
the functions gi, g 2 , ■■■,gN- The crucial point of this construction is that when p is sufficiently 
large, the positive elements pi,P2, ■■■,Pn become almost mutually orthogonal projections in 
terms of the uniform 2-norm. Now we are in a position to establish a ’’global” Rokhlin type 
theorem for the bundle (Ai, K, E) using this new partition of unity (see Theorem 14.ip . 

One of the key ingredients appearing in the interaction of von Neumann algebras and 
0*-algebras is the surjectivity of the canonical map E{A) —)■ 0 N' between central 

sequence algebras, proven by Sato [21] under a nuclearity assumption and by Kirchberg and 
Rprdam |1] in general. Here N is the weak closure of H in a tracial representation. In 
Section 5 we apply this technique, together with an invariant approximate unit trick (see 
Proposition 15.6p . to lift the Rokhlin tower from Ai^ 0 Ai' back to E{A). This gives us 
the so-called approximate Rokhlin property for A. The difference between the approximate 
Rokhlin property and the genuine Rokhlin property is that in the approximate version the 
sum of the Rokhlin elements approximates only up to the uniform 2-norm. To correct 
this defect, in Section 6 we reproduce a matrix algebra technique of Matui and Sato (the 
technique is a variation of what appeared hrst in Kishimoto’s work on UHF algebras; cf. 
m) so that we can merge the defect element to one of the Rokhlin towers, and therefore 
complete the proof. 


3. Fixed point subalgebra of central sequence IF^-bundles 


We discuss briefly the construction of the ultraproduct of a sequence of continuous W*- 
bundles {Ain,Kn,En) with uniform 2-norms || • This part is largely taken from [T]. 
Let Ain be the C*-algebra consisting of norm-bounded sequence {xn)'i^=i, where each 
Xn belongs to Ain, modulo the ideal of uniform 2-norm null sequences. Dehne the uniform 
2-norm on U'^Mn by 


II (^n)?i 


II ._ 

\\2,u * 


lim 

n^U) 



II w 
\\2,u' 
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Let X\^C(K n) be the C'*-ultraproduct of the sequence of C*-algebras {C{Kn))n, and let 
denote the ultracoproduct of {Kn)n, defined to be the space satisfying C(T,^Kn) = 
n„ CiKn) via the Gelfand duality. 

Proposition 3.1. ([H Proposition 3.9]) Let {Ain, Kn, En) be a sequence of continuous W*- 
bundles and let u be a free ultrafilter on N. Then the ultraproduct ]TMn is a continuous 
W* -bundle over Hi^Kn via the conditional expectation E'^ : induced by 

En '■ Ain —)■ C{Kn)- Moreovev, 

UJ 

In the case that Ain = Ai and = K for each n G N, we write (Ai‘^, K‘^, E‘^) or simply 
Ai‘^ for the ultraproduct. As usual, the canonical embedding Ai —?■ Ai‘^ allows one to form 
the central sequence W* -bundle Ai^ n Ai'. 

Next we consider automorphisms of continuous iy*-bundles. Suppose (/3, a) is an auto¬ 
morphism of a continuous hP*-bundle (Ai, K, E). Then for each X E K there is a well-dehned 
*-isomorphism, called the fiber map, (3\ : 7rA(Al) '^a-i{x){Ai) defined by 

/3A(7rA(x)) = 7r„-i(A)(/?(x)) (x G A4). 

In the case that a is the identity map on K, the map /3 a gives rise to an automorphism of 
TTxiAi). 

Every automorphism (/3,a) of (Ai, K,E) can be promoted to an automorphism of the 
ultraproduct {Ai‘^, K‘^, E‘^) or the central sequence IE*-bundle {Ai‘^ fl Ai', , E‘^) in the 
following way. Define 

P^-.Ai^^Ai^, l3^{{Xn)n) = {ld{Xn))n 

and 

a^-.C{K^)^C{K^), aU{fn)n) = {fnOa)n 

(here we identify C{K‘^) with Y\^C{K)). It is clear that (3^ and are automorphisms of 
C'*-algebras. Let —)• be the map induced by ct^ via the Gelfand duality. In 

order to show that {l3i^,UiS) form a iy*-bundle morphism, we make a small digression. The 
set theoretic ultraproduct (or Ki^ when Kn = K for all n) of a sequence of compact 

spaces Kn is dehned to be the product space modulo the equivalence relation given 

by (A.) (pri) if and only if the set {n : = p.n} belongs to the ultrafilter oj (cf. [T]). The 

ultraproduct can be identihed with a dense subset of the ultracoproduct Yluj via 

the map 



where A : —)■ C is the character defined by X{{gn)n) = gn{Xn) ■ 

Proposition 3.2. Let {(3, a) be an automorphism of a continuous W*-bundle (Ai, K,E). 
Then {I3^,a^) is an automorphism of (Ai^, , E'^). 
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Proof. We need to show that the diagram 


M‘^ 


f3u. 






(Ju 




C{K^) ^ C{K^) 


is commutative. Let x be an element in represented by (xi, a; 2 ,...) and let A G C 
be represented by (Ai, A 2 ,...). We compute 

[(d^ oE‘^){x)] (A) = hm[E(a;„)](cr(An)) 

n^u) 

= hm[(d o E)(a;„)](A„) 

n—^LJ 

= hm[(L;o/3)(x„)](A„) 

= [(£“ o f)„)(x)l(A). 

Since is dense in K‘^, we have shown that doj o E‘^ = E‘^ o Pui- □ 

We shall write {A4‘^ fl for the hxed point subalgebra, namely the set of elements x 

in n Ai' satisfying (3u]{x) = x. Here is the main result of this section. 

Proposition 3.3. Let {AA,K,E) be a separable continuous W*-bundle such that dim(iL) = 
m < 00 and 7rA(Wl) = TZ for every X E K. Suppose {(3, id) is an automorphism of {AA, K, E), 
and suppose the fiber map (3\ G Aut(7rA(Wl)) is pointwise outer for each X E K. Then for 
every p eN, there exists a unital *-homomorphism fj : Mp —)■ (A4‘^ fl AA')^‘^. 

Recall that a completely positive (c.p.) map (p : A ^ B between C*-algebras is called 
order zero if it preserves orthogonality, i.e., ip{a)ip{b) = 0 whenever a and b are positive 
elements satisfying ab = 0. In view of [H Lemma 7.6], it suffices to show the following: 

Proposition 3.4. Under the same assumptions as Proposition Vd.tA for every p E N, there 
exist completely positive contractive (c.p.c.) order zero maps ' 0 i,' 02 , : Alp —)■ n 

AA'Y‘^ with commuting ranges such that ' 0 i(l) + ■ ■ • + ■ 0^+1 ( 1 ) = 1 - 

We shall construct the order zero maps 'ijji,'ip 2 , ■■■, f^m+i in a way very similar to |1]. Since 
the proof is quite lengthy, we divide it into several lemmas. 

Lemma 3.5. Under the same assumptions as Proyosition \3.A for every A G 77, £ > 0,p G N, 
and norm bounded || • \\ 2 ,u-compact subset H C AA, there exists a neighborhood 0\ of X and 
a unital completely positive (u.c.p.) map p : Mp —)■ A4. such that 

(i) sup^gOA llb(e),a;]||2,M < ^ (e e (Mp)i, a; G H); 

(ii) sup^gOA \\p{e*e) - p{e)*p{e)\\ 2 ,^ <e (e G (Mp)i); 

(hi) sup^go,^ W{p{e)) - p{e)\\ 2 ,f, <e (e G (Mp)i). 
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Proof. By [H] (cf. [HI Lemma 4.1]), contains a nnital copy of Mp. 

Therefore there exists a sequence {^n)^=i of u.c.p. maps (p„ : Mp —)■ nx^M.) such that 

(a) lim^^^ ||[(p„(e), 7 rA(x)]|| 2 _;^ = 0 {e E Mp; x E il); 

(b) lim„^^ \\(pn{e*e) - <y 9 (e)Xe)|| 2 _;^ = 0 {e E Mp); 

(c) lim„^^ \\l3x{Pn{e)) - 97 n(e)|| 2 ,A = 0 (e e Mp). 

Since {Mp)i and ff are compact, choosing n large enough along the ultrahlter ca, and lifting 
along the quotient map tta : A4 —)■ 7 rA(A 4 ), we obtain a u.c.p. map ip : Mp -E M. satisfying 

(a) ’ supgg(A^^)^_^gf 2 l|[</ 5 (e),x]|| 2 ,A < 

(b) ’ supgg(A^^)^ \\[p{.e*e) - v 7 (e)*v 7 (e)|| 2 ,A < 

(c) ’ supgg(A^^)^ W{p{e)) - (p(e)|| 2 ,A < £• 

By the 2-norm continuity fProposition 12.7p of continuous hP*-bundles, the map 

(Mp)i X X iL -)■ M, (e,a;. A) H- || [<y9(e), x] || 2 ,a 

is continuous. Since {Mp)i x fl x K is compact, the estimate (a)’ holds for some small 
neighborhood Oi of A. Similarly we can hnd neighborhoods O 2 and O 3 of A such that 
the estimates (b)’ and (c)’ hold, respectively. Now the proof is hnished by taking Ox : = 
Oi n O 2 n O3. □ 

The following lemma is essentially the same as [H Proposition 7.4]. 

Lemma 3.6. Under the same assumptions as Proposition \3 .tA for every e>0,pEN,mEN, 
and norm hounded || ■ |] 2 ,«-compact subset ff C A4, there exists a system 
consisting of 

• an open covering U of K, and 

• finite collections = {<Pi \ ..., of u.c.p. maps : Mp —A4 

satisfying the following condition: for each open set O E U and each i E {l,...,m} there 
exists j E {1, ..., h{i)} such that 

(i) sup^go llbf (e),a;]|] 2 ,/. < £ {e E (Mp)i, x E M); 

(ii) sup^go llbf (e),</^f^(/)]|| 2 ,M {l<k^i<m, l<i< h{k), e, f E (Mp)i); 

(hi) sup^go \\pf\e*e) - pf\e)*pf\e)\\ 2 ,p <e (e, / e (Mp)i); 

(iv) sup^go \\/3{pf\e)) - pf\e)\\ 2 ,p <e {e E {Mp)i). 

Proof. We proceed by induction on m. First consider the case that m = 1. By Lemma 
13.51 for each X E K, there exists a u.c.p. map px ■ Mp —)■ Ai and a neighborhood Ox of 
A such that the condition (i)(iii)(iv) hold. Cover K by Oa and extract a hnite subcover 
U = Oxj. Then = {<Pai, form a required system. 

Now suppose we have constructed the system {W; ..., By Lemma 13751 for each 

X E K there exists a u.c.p map : Mp —)■ M. and a neighborhood Ox satisfying (i)(iii)(iv) 
with ff replaced by flU ( Ui<£<m-i i<j<h(£) pf\iMp)i)] ■ Cover K by Oa and extract a hnite 
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sub cover W = |jh£m) collection of all subsets of the form O' fl O", where 

O' G W and O" G U", and let Then {W; form a 

required system. □ 

Remark 3.7. The assumption on the topological covering dimension of K is unnecessary in 
Lemma [3.51 and Lemma [3.61 


Lemma 3.8. Under the same assumptions as Proposition 1,9.,91 for every e > 0,p E N, and 
norm hounded || • \\ 2 ,u-compact subset kl C JUI^ there exist c.p.c. maps : Mp —)■ 

AA (recall that m = dim(iL )) such that 

(i) ||[' 0 (^)(e),a;]|| 2 ,„ <£ (l<£<m + l, eG (Mp)i, x G fi); 

(ii) ([[ip^^\e),'ip^^\f)]\\ 2 ,u<£ {l<iy^k<m + l, e,f e{Mp)i); 

(hi) « < £ (1 < £ < m + 1, e G (Mp)i); 

(iv) = 1 ; 

(v) \\/3{'i(^^\e)) - 'ip‘^^\e)\\ 2 ,u <£ {l<£<m + l, eE (Mp)i). 

Proof. By Lemma 13.61 we can hnd a system (W; satisfying the condition 

specihed in the same lemma. Since dim(iL) = m, there is a (m + l)-decomposable open 
rehnement W = UiU ■ ■ ■ UUm+i of W, where each is a hnite collection of disjoint open sets 
(Of\..., By construction, for each £ E {1,2, ...,m+ 1} and j E (1, 2,..., s(£)} there 

exists a u.c.p. map : Mp —)■ M. from the collection such that (i)-(iv) in Lemma [3.61 
hold. 

Let : £ = 1,2, ...,m + l,j = 1,2, ...,s(f')} be a partition of unity subordinate to the 
open cover [JijOf\ Note that each is hxed by the automorphism fd oi M. since we 
assume the action on K is trivial. For each £ dehne the c.p.c map : Mp ^ A1 by 

i=i 


We claim that {i(^^^i<e<m+i satisfy conditions (i)-(v). Note that since each is unital, 

(^(^)(1) = g^^^ and (iv) follows immediately. For the other estimates we shall only verify 

(i) since the arguments are similar. 

Given e G {Mp)i, x E fl, and £ G (1,..., m + 1}, we write 


[f^^\e),x] 


sR) 1 

1 


(e)9fL 

1=1 


db 1 


ET’idh 

O.Asf 

1=1 
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Since = 0 whenever i ^ j, we have 

['ip^^\e),x]*[ip^^\e),x] = gY [^f\e),x]*gf[ipf\e),x]g^ 

i=i 

By definition of the nniform 2-norni, we need to estimate the term 




snprA {[ip^^\e),x]*[ilj^^\e),x]) . 
\&K 


If we think of K as the nnion of the families Wi, W 2 , then the snpremnm can be taken 

only over lAi = However, on each snbset only the term with g^^^ snrvives as 

IA(, consists of disjoint snbsets. Therefore we have 


= snp Tx (c/f (e),a;]c/f ^ 




< sup 

sup 



l<k<s{t) 

Ueof 


2 ,A / 


<e\ 


□ 

The following lemma gives a snfficient condition for a c.p.c map to be order zero. This is 
known among experts (cf. [H proof of Proposition 7.7]), bnt for the reader’s convenience we 
inclnde a proof here. The argument is due to Aleksey Zelenberg. 

Lemma 3.9. Let A and B he unital C*-algebras. Suppose ip : A ^ B is a c.p.c. map such 
that 

p{Ia)‘p{x*x) = p{x)*Lp{x) 
for all X E A. Then p is an order zero map. 

Proof. Suppose x,y are orthogonal positive elements in A (namely xy = 0). We compute 

p{l)p{{x + yy{x + y)) = p{l)p{x*x + y*y) 

= T{xf + T{yf- 

On the other hand, 

p{x + yyp{x + y) = p{xf + p{x)p{y) + p{y)p{x) + p{yf. 

Comparing these two expressions (they are equal by the assumption), we see that 

p{x)p{y) A p{y)p{x) = 0. 
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Write a := (p{x) and h := ip{y). To show that ab = 0, it suffices to show that a and b 
commute. From the identity above {ab + 6 a = 0) we have 

a6^ = {ab)b = {—ba)b = —b{ab) = —b{—ba) = b'^a. 

This shows that a commutes with 6 ^, which implies that a commutes with b. □ 

Now we are ready to prove Proposition 13.41 

Proof, (of Proposition 13.dp Let {xi,X 2 ,...} be a countable || ■ || 2 ,u-dense subset of A4. By 
Lemma lT 8 l for each n G N there exist c.p.c. maps \ •••,: Mp —)■ M. such that 

(ii)-(v) in Lemma [3.81 hold with £ = ^ and 

(i)’ ||[' 0 n^(e),Xj]|| 2 ,„ < ^ (l<e<m + l, ee (Mp)i, 1 <j < n). 

For each 1 < £ < m P 1 dehne c.p.c. maps : Mp —)■ A4“ by 

where tt^ is the quotient map from Wl) onto . Then by construction 

• the image of belongs to {M'-^ n 

• ' 0 i,V’ 2 , •••, V’m +1 have commuting ranges; 

• V’i(l) H-= 1; 

• '0£(l)'0£(e*e) = iJi{e)*iJi{e) {1 < £ < m + 1, eG Mp). 

It remains to show that each if£ is order zero, but this follows from the fourth bullet, according 
to Lemma [3.91 □ 

4. A ROKHLIN type theorem for continuous hF*-BUNDLES 

In this section we present a Rokhlin type theorem for pointwise outer Z-actions on a 
continuous hF*-bundle. More precisely we have the following: 

Theorem 4.1. Let {Ai,K,E) be a separable continuous W*-bundle such that 7ix{Ai) = IZ 
for all X E K, and let (/5, id) be an automorphism of {Ai, K, E). Suppose the fiber map 
(3\ G Aut(7rA(A4)) is pointwise outer for each X E K and suppose for each p E N there 
is a unital *-homomorphism "0 : Mp —)■ {Ai^ fl Ai')^‘^ . Then for every n E N, there exist 
projections pi, ...,pn G fl Al' such that 

(i) = Pk+i mod n {l<k<n) 

(ii) ELiPfc = l- 

(iii) 111 -PillK < 1 - 

Again we will divide the proof into smaller pieces. The hrst lemma is known to experts 
and follows from the uniqueness of the trace on a matrix algebra. 

Lemma 4.2. Let A be a unital C*-algebra. Suppose there is a unital *-homomorphism 
a : Mp A. Then for each a E a{Mp), 6 G A fl a{Mp)', and each trace r E T{A), we have 
T{ab) = T{a)T{b). 
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Proof. By the standard decomposition we can reduce to the case that 0 < 6 < 1. If r(6) = 0, 
then 

T{ab) = < T{b^/^a*ab^/y/^T{by/^ = 0. 

Hence the equality holds. Now assume that r(6) > 0. Note that the map 


Mp —y C, 


e HA 


r(6) 


T{a{e)b) 


is a tracial state on Mp because a{e) and b commute. Since Mp admits a unique trace, we 
have 

T o a(e) = -^TTT{a{e)b) 


T{b) 


and the lemma is proved. 


□ 


The hrst objective is to obtain a “mutually orthogonal” partition of unity that simulates 
what an ordinary partition of unity does. This is accomplished in Lemma 14.41 and the 
following lemma serves as preparation. We shall write tr for the normalized trace on a 
matrix algebra. 


Lemma 4.3. Let {Ai,K,E) be a separable continuous W*-bundle and let {/3,a) be an 
automorphism of {A4,K,E). Suppose there exists a unital *-homomorphism if : Mp —)■ 

n Then given £ > 0 and a norm bounded || • \\ 2 ,u-compact subset of M., there 

exists a u.c.p. map (p : Mp —)■ M. such that 

(i) \\[ip{e),x\\\ 2 ,u <e (e e e fl); 

(ii) ii/?(<^(e)) - ^{e)\\ 2 ,u <e (e e (Mp)i); 

(iii) Wpiaf) - T{e)Lp{f)\\ 2 ,u < e (e,/e(Mp)i); 

(iv) \\[ip{eY/‘^,x\\\ 2 ,u < £ (e e (Mp)i,a; e n); 

(v) \Tx{(p{e)x) - Tx{(p{e))Tx{x)\ <e (e e {Mp)i,x G A G K); 

(vi) \Tx{g^{e)) - tr(e)| < e (e G (Mp)i, Xe K). 

Proof. Lift -0 to a sequence of u.c.p. maps ipn ■ Mp —)■ A4. Then we have 

(a) lim„^^ \\[Pn{e),x\\\ 2 ,u = 0 (e G Mp,x G M)] 

(b) lim„^^ \\j3{Lpn{e)) - Pn{e)h,u = 0 (e G Mp); 

(c) lim„^^ ipnief) - Pnie)g}nif)\\ 2 ,u = 0 (e,/ G Mp); 

(d) lim„^^ \\[Pn{eY^‘^,x]\\ 2 ,u = 0 (e G M^,x G M). 

By Lemma 14.21 for each tracial state on we have 

Tu;{if{e)x) = Tuj{if{e))Tu;{x) (e G Mp,x G M). 

Also since Mp has a unique trace, o if = ti on Mp. In particular, 

(e) lim„^^ \Tx{(pn{e)x) - Tx{^n{e))Tx{x)\ =0 (e G Mp,x G A4, A G K)] 

(f) lim„^^ \'Tx{Pn{o)) - tr(e)| =0 {ee Mp,Xe K). 

Since (Mp)i, f2, and K are compact, the lemma is proved by choosing n sufficiently large 
along u. □ 
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Lemma 4.4. Let {A4,K,E) be a separable continuous W*-bundle, and let (/9,id) be an 
automorphism of (Ai, K, E). Suppose for each p G M there exists a unital *-homomorphism 
Ip : Mp —)■ Then given e > 0, a norm bounded || • \\ 2 ,u-compact subset of Ai, 

and a partition of unity subordinate to some open cover of K, there exist positive 

contractions Oi, 02 ,otv G A4 such that 

(i) \\[aj,x]\\ 2 ,u < £ {I < j < N,x en); 

(ii) \\j3{aj) - aj\\2,u <£ (1 < j < N); 

(iii) ||aiaj||2,t. < £ (1 < * 7 ^ j < N); 

(iv) ||[af^a;]|| 2 ,« < £ {I < j < N,x e Q); 

(v) \\ay^a]^^\\ 2 ,u <£ (1 < i ^ j < N); 

(vi) \Tx{ajx) - gj{X)Tx{x)\ <e {1 < j < N,x e X e K); 

(vii) = 1- 

Proof. Without losing generality we may assume that £ < 1 and that hi is contained in the 
(norm) unit ball of Al. Put e' := Choose p E N sufficiently large so that - < e'. By the 
previous lemma there is a u.c.p. map ip : Mp —>■ Al such that (i)-(vi) in that lemma hold for 
e' and Ll. 

Now we apply a technique from HU. Let [-J denote the floor function. For each t G [0,p], 
define a positive contraction pt G Mp by 

Pt = diag(l,...,lA- W,0,--,0), 

where t — [fj is in the ([fj + l)-th position. Note that the (unnormalized) trace of pt is equal 
to t. For 0 < s < f < p, we write 


Pls,t] ■=Pt-Ps- 

Consider the functions ho, hi,L n E C{K) defined by ho = 0 and hj = p ■ X]i=i hi for 
1 < J < A. In other words, hj — hj_i = p ■ Qj for 1 < j < A. Define, for 1 < j < A and 
XeK, 


Pji^) Plhj-i{\),hj{X)] G Mp 


and 


aj(A) = <p(pj(A)) G Al. 

Observe that tr(pj(A)) = gj{X) and tr(pi(A)pj(A)) < A when i ^ j. Since the map A 1 —)■ aj(A) 
is norm continuous, by m Theorem 11] for each j there exists an element Oj E A4 such that 
Tixioj) = 7ix{aj{X)) for all X E K. We claim that the positive contractions oi, ...,aN satisfy 
the conditions (i)-(vii). We demonstrate how to verify conditions (i) and (iii). The other 
conditions can be checked in a similar way. 
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The estimate (i) follows from a simple calculation: 

\\[aj,x]\\ 2 ,u = sup ||[aj,a;]|| 2 ,A 
AeA 

= sup ||[vrA(aj),7rA(a;)]||2,A 

AeA 

= sup ||[7rA(aj(A)),7rA(a;)]||2,A 
AeA 

= sup II[Oj(A),a:]II 2 ,A 

\&K 

= sup ||b(Pj(A)),a;]|| 2 ,A 

\&K 

< s'< e (Lemma l47^ (i)). 

To estimate (iii), we first make the following observation. For 1 < i ^ j < N and A G iF, 
we have 


Tx{aiaj) = (7rA(aj)7rA(aj)i, i) 

= (7rA(ai(A))7rA(aj(A))i, i) 

= T'A([(^(Pi(A))][(^(pj(A))]). 


Since ip is almost multiplicative with respect to the uniform 2-norm fLemma 14.31 (iii)), the 
last expression is almost the same as t\ o (^(pj(A)pj(A)), which in turn is almost the same as 
tr(pi(A)pj(A)) by Lemma IT73I (vi). Recall that pj(A) and Pj(A) are almost orthogonal with 
respect to the trace. Therefore we have 

Tx{aiaj) < + 2e' < ^e'. 


Now we compute 


and hence 


— sup TA(cijClj Clj) 

’ AeA 

< sup Txiajaittj) 

\eK 

/ 1/2 2 1 / 2 n 

= suprA(a/ a a/ ) 
xeK 

< sup Tx(aiaj) < 3e', 
xeK 


a,-a 


i^j II2,u 


< < e. 


□ 
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Remark 4.5. In Lemma WM. the assumption that the automorphism is trivial on K is needed 
when one verihes condition (ii). More precisely one needs the identity /3A(7rA(aj(A))) = 
7rA(/3(aj(A))). 

With a mutually orthogonal partition of unity at our disposal, we can now glue the Rokhlin 
towers in the hbers without destroying the orthogonality. In this way we obtain a global 
Rokhlin tower as claimed in Theorem 14.11 

Proof, (of Theorem 14.ip We will show that given n G N, £ > 0, and a norm-bounded || ■ || 2 ,u- 
compact subset of A4, there exist positive contractions ri, r 2 ,..., in such that 

(a) \\/3{rk) - rk+i\\ 2 ,u < £ mod n {l<k<n); 

(b) iirfcr£|j2,n < £ {I < k i < n); 

(c) i|[Ffc,a;]||2,n <£ (1 < < n;x e kl); 

(d) - Im\\2,u < 

(e) supAgi^ |rA(ri) - A| < e. 

Once this is established, a standard argument for ultraproducts shows that we can hud 
projections pi, ...,pn G A4‘^ O A4' such that 

(i) /3uj{Pk) = Pk+i mod n (1 < fc < n); 

(ii) ELiPfc = 1- 

By (e) we may arrange that t^Spi) = bmn^a;'rA„(Pi,n) = where is a representing 

sequence of pi and A^^ = (Ai,A 2 ,...) is an element in the set-theoretic ultraproduct of 
K. Since is dense in the ultracoproduct by the 2-norm continuity we actually have 
Tx^(pi) = A for all A^^ in K‘^. It follows that 

(iii-piiih)' = ii^(i-pi)'(i-pi)ii 
= IT“(i-pi)ll 

= sup rA„(l-pi) 

1 

=!--<! 

n 

and hence ||1 — Pi\\ 2 ’u < 1- 

We make one more remark before we begin the construction of the postive contractions 
ri,r 2 ,...,r„ in Ai. Under the current assumption (namely the automorphism is trivial on 
R), condition (e) really is a consequence of (a) and (d). First note that by (a) for each 
A G R and 1 < A; < n, 

Tx{rk) = evx o R(rfc) = evxoE o f3{rk) = Tx{f3{rk)) ^ Txirk+i). 

Therefore 

- 1 


\nTx{ri) - 1 | 


Fa 


V k=l 


rk 
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and the last expression is small by condition (d). 

Now we start to constrnct in M as claimed. We may assnme that e < 1 

and that is contained in the norm-closed nnit ball of M. Pnt e' = |. By Connes’ 
noncommntative Rokhlin theorem ([2]), for each A G iP we can hnd (mntnally orthogonal) 
projections Pa,i,Pa, 2, ■■■,Px,n in snch that 

\\f3x{Px,k) - Px,k+i\\ 2 ,x < £' mod n {I < k < n); 

(c)’ \\[px,k,Trx{x)]\\ 2 ,x < s' (1 < fc < e n); 

'^k=lPX,k = ^ttx(M)- 

Fix A G iF for a while. Lift Px,i, ■■■,Px,n along tta : —)■ 7rA(Wl) to positive contractions 

la ,15 ■■■■,fx,n in M.. By the 2-norm continnity of elements in A4., there exists a neighborhood 
0\ of A snch that 

(a) ” snp^go^ W{rx,k) - rx,k+i\\ 2 ,fM < £' niod n (I < k < n); 

(b) ” snp^go^ \\rx,krxA\2,ti < ^' (1 < /c 7^ £ < n). 

(c) ” snp^gOA ilKfc,a:]||2,M < ^' (1 < /c < n; a; G fi); 

(d) ” snp^gOA IIELi^aa - 

Since K is compact, we can extract a hnite snbcover Oi,...,Ojv with corresponding ele¬ 
ments ...,Let be a partition of nnity snbordinate to the 

open cover 

S ■■={rj,k} U {rj,krj,i} U {Airj^k) - ryfc+i} U {[rj,k,x\} U < “ 1 

I j,k 

(where the nnion is taken over l<j<N,l<k,i<N,x&Q), 

Q" :=QUSUS*USS*US*S, 


and 

„ . f e 

\l6(4n2iV2 + 3A^)’ + 3N) 

By Lemma 1131 we can hnd positive contractions ai,...,ap^ G A4 satisfying (i)-(vii) in the 
same lemma, with 12 and 5 replaced by 12" and e", respectively. Dehne, for 1 < fc < n. 


N 

rk = G M. 

i=i 


Note that is a positive contraction since 


N 


N 


l/2„ 


1/2 


rk = a - rj^ka,' < 

i=i 


1/21 


i=i 


' j,k \ 


1/2 


< 


J — 


N 

E- 

i=i 


= 1 . 


We claim that ri,r2, ...,r„ satisfy conditions (a)-(d). We shall only verify (a) since the other 
conditions can be handled in a similar way. 
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Given k G {1, we write 


(^{r-k) - Tk+i 


N 


i=i 

= : -^1 + -^2 + -^3 + -^4, 


N 

E I/2 1/2 

«/ Ga+i«/ 


i=i 


where 


N 




i/2r 


' j,k^ ' 


1/2 


]); 


i=i 

N 


^3 := -G>+i]; 

i=i 


N 

h ■= X^[/^(ai) - aj]/^(G,fc); 

i=i 

N 

h ■= 

i=i 


It is easy to see that ||/i||2,n, ||-^2||2,u, and ||/4||2,u are all bounded by Ne”, using Lemma 
(ii) and (iv). Before we estimate ||/3||2 ,m, we make a simple but useful calculation. For each 
X G K, y, z G M, and 1 < / 7^ j < iV, we have 


|rA(i/*ajai2;)| = |rA(2:i/*ajai)| 

< |kl/*||2,A|l«i«i||2,A 

< lll/||lkllll«jai|| 2 ,A- 

To estimate I 3 , we hrst write 

N 

^3^3 = [P{rj,k) - - G,fc+i] 

*j=i 

=: Ji + J2, 

where Ji consists of the “cross terms “ and J 2 consists of the “diagonal terms”. More precisely, 

Ji ■= '^W{rj,k) - rj,k+i]*ajai[l3{ri^k) - Vi^k+i]; 

N 

J 2 := J2^(3{rj,k)-rj,k+i]*a^j[/3{rj,k)-rj,k+i]- 
i=i 




20 


HUNG-CHANG LIAO 


Since ||ajaj||2,n < it is not hard to see that ta(Ji) is bounded by using the inequality 

\'T\{.y*ajaiZ)\ < Ill/llll^llllajOilb,A established above. On the other hand, 

N 

TxW = {[P{rj,k) - rj^k+i]*a‘^j[/3{rj,k) - Oa+i]) 

i=i 

N 

< {aj[(3{rj^k) - rj^k+i][/3{rj,k) - rj,k+i]*) 

i=i 

N 

< ([/’(vO - - --y,*+!]•) + Ne" (Lemma 14.41 (vi)) 

i=i 

N 

= '^9jW\\P{rj,k) - 0,fc+i|||A + Ne" 
i=i 

N 

^ ■ (^0^ + Ne" 

i=i 

= {e'Y + Ne". 


In summary, we have 

WhWlu = supTx{i;i3) 

xeK 


and hence 


sup T\{^Ji + J 2 ) < [e’')^ + (4At^ + N'je", 

X&K 


ll/3(Lfc) — (i{Tk+l)\\2,u < ||-^l||2,u + ||-^2||2,u + ||-^3||2,n + ||-^4||2,u 

< ^Ne" + ^{e'Y + (4At2 + N)e” 

< e. 


When trying to verify conditions (b)-(d), one would encounter exactly the same type of 
estimates consisting of cross terms and diagonal terms. The cross terms are easy to bound 
because ||ajaj||2,u is small when j 7^ q and the diagonal terms can be handled by taking out 
the partition of unity which localizes the estimate. We leave the details to the reader. □ 


5. Approximate Rokhlin Property for 0*-algebras 

In this section we transfer the Rokhlin property for iy*-bundles to a “Rokhlin property 
in trace” for C'*-algebras. The main ingredient, as mentioned in the introduction, is the 
canonical surjection from F{A) onto the central sequence of iy*-bundles. Here we recall the 
relevant dehnitions and results. 

Definition 5.1. ([U Dehnition 4.4]) Let R be a C^-algebra and let J be a closed ideal in B. 
Then J is a a-ideal of B if for every separable C'*-subalgebra C oi B there exists a positive 
contraction e G J such that e G C" fl R and ec = c for all c G C fl J. 
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Let A be a unital separable C^-algebra such that T{A) ^ 0. Recall that the trace-kernel 
ideal J a in is dehned by 

JA {(nn)n £ • lini ||ciri|| 2 ,ii Oj”. 

Proposition 5.2. [U Proposition 4.6] Let A be a unital C*-algebra with T{A) ^ 0, then the 
trace-kernel ideal Ja is a a-ideal in Af^. 

The proof relies on two important techniques. The hrst one is the existence of a quasi¬ 
central approximate unit. In fact, one can think of the element e in Dehnition 15.11 as a 
repackaging of a quasi-central approximate unit using the language of ultraproducts, This 
repackaging relies on the second technique - an ultraproduct version of the standard diagonal 
argument commonly known as “Kirchberg’s e-test”: 

Lemma 5.3. ([H Lemma 3.1]) Letu be a free ultrafilter on N. Let Xi, X 2 ,... be any sequence 
of sets and suppose that, for each k & 'N, we are given a sequence {fn^)n>i of functions 
fi’^^ -.Xn^iO, 00 ). 

For each k eN, define f!^'^ ; [0, 00 ] by 

00 

S 2 , ...) = lim fjt\sn), iSn)n>l G JJ 

Suppose for every m E N and e > 0, there exists s = (si,S2,---) G such that 

fu!^\s) < e for 1 < k < m. Then there exists t = {ti,t 2 , ■■■) E f^^\t) = 0 for 

all k eN. 

The inclusion A M induces a well dehned *-homomorphism from into Since 
M is by dehnition the uniform 2-norm completion of A, there is a built-in Kaplansky type 
approximation and hence the map A,^ —)■ is surjective (cf. [H Lemma 3.10]). Now the 
surjectivity of the canonical map F{A) —)■ Al'^ n Al' is a simple corollary of Proposition 15.21 
For a proof we refer the reader to [H Remark 4.7]. 

Corollary 5.4. Let A be a unital separable C*-algebra such that T{A) 7 ^ 0 and dT{A) is 
compact. Then the canonical map F{A) —)■ Ai‘^ fl Al' is surjective. 

We shall need one more ingredient in order to lift a Rokhlin tower from the hF*-bundle 
back to the C^-algebra. The following dehnition and proposition, which mimic Dehnition 
15.11 and Proposition 15.21 are trying to capture the notion of an “invariant” quasi-central 
approximate unit in terms of ultraproducts. 

Definition 5.5. Let R be a C^-algebra and a be an automorphism of B. Suppose J is a 
closed ideal in B satisfying a{J) = J . Then J is an a-a-ideal if for every separable C*- 
subalgebra C of R satisfying a{C) = C, there exists a positive contraction u in C" fl J such 
that 

(i) a{u) = u; 
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(ii) uc = c for every c G C n J. 

Proposition 5.6. Let A be a unital separable C*-algebra with T{A) ^ 0, and let a be an 
automorphism of A. Then the trace-kernel ideal Ja in A^ is an aui-cr-ideal. 

Proof. First note that au}{JA) = Ja since a^j is norm-preserving. Let C be a separable C*- 
subalgebra of A^^ satisfying acj(C) = C. By Proposition 15.21 Ja is a cx-ideal in which 
means there exists a positive contraction e G C" fl such that ec = c for all c G C n J^. 
For each n G N define 

n—1 


e^^^ := 




fc =0 


Observe that each enjoys the same property as e. Indeed, for c G O we have 






- n—1 ^ n—1 

A:=0 ^ fc=0 


and for c G O' n 


n—1 


n—1 


>)c_c|| < - V 

n ^ 


\a,Ae c - c = 


k=l 


n 


^||ea^^(c)-a^^(c)|| = 0. 


k=l 


Moreover, 


-e(")|| < i ||a-(e) - e|| < 


n n 

Let d = {di,d 2 , ■■■) be a strictly positive contraction in the separable 0*-algebra C fl Ja- 
Take a dense sequence in the unit ball of O, and represent each by {c^i \ C 2 ^\ ■■■)■ 

Let each Xn be the set of positive contractions in A, and define functions fn ^ : Xn —)■ [0, oo) 
by 

fn\x) = 11(1 -xjdnil; 

fn\x) = ||a;||2; 

fn\x) = ||a(a:) -a;||; 

fJ^^\x) = \\cJ^x-xcJ^\\ {k>l). 

Note that given m G N and £ > 0, there exists £ G N sufficiently large so that = 
(ef\e 2 \ •••) satisfies 




(b 


-2 ) 


< e 


for all 1 < k < m. By the £-test (Lemma 15.311 there exists a sequence (ui,U 2 , ■■■) of positive 
contractions in A such that 

fi^Hui,U2,...) = 0 

for all k e N. Then u = (ui,U 2 , ■■■) G is a positive contraction with the desired properties. 

□ 
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There are various definitions of “Rokhlin property in trace” in the literature (e.g. [6l 
Definition 4.2], [T51 Definition 1.1], and [201 Definition 1.1]). The following definition is 
similar, and it serves as a technical device that allows us to pass to finite Rokhlin dimension 
(see Section 6). Recall that if (01,02,...) is a representative of an element o in then we 
define 

||o||2,(.j := lim sup r(o*o„)^/^. 
n^u)T&T(A) 

In other words, if tt : ^ is the canonical map, then ||o||2,tj = ||7r(o)|]2‘](]. 

Definition 5.7. Let A be a unital separable stably finite exact C^-algebra, and let a be an 
automorphism of A. We say a has the approximate Rokhlin property if for every n G M there 
exist positive contractions /i,..., /„ in F{A) such that 

(i) Oiui{fk) = fk+i mod n (1 < A; < n); 

(ii) fkf£ = 0 (1 < A; 7^ £ < n); 

(iii) J^nF(R). 

(iv) SUp^gN ||1 - /f ||2,a; < 1. 

Let R be a unital separable C'*-algebra such that T{A) 7^ 0 and dT{A) is compact. Given 
an automorphism a G Ant (A), there is an induced automorphism {a, a) of (A4, K, E) defined 
in an obvious way. This in turn induces an automorphism (da;,dtj), as discussed in Section 
3, of the ultraproduct (A1‘^, iL‘^, 

Proposition 5.8. Let A be a unital separable C*-algebra such that T{A) 7^ 0 and dT{A) 
is compact, and let a be an automorphism of A. Suppose the canonical extension (d, a) G 
Aut(A ,dT{A),E) =: Aut{A4, K, E) has the following Rokhlin property: for every n E N, 
there exist projections pi, ...,Pn in fl Ai' such that 

(i) a^{Pk) = Pk+i mod n (1 < A; < n); 

(ii) ELiPfc = ^m; 

(in) 111 - PiII2^(1 < 1- 

Then a has the approximate Rokhlin property. 

Proof. Fix n G N. Find projections pi, ...,Pn G A4‘^ fl Ai' as in the assumption. Since the 
canonical map E{A) —)■ Ai‘^ fl Ai' is surjective, we can lift {pk}k=i to positive contractions 
{/(,}fc=i in E{A). Observe that 

(a) aMk) - fk+i ^ JaA E{A) mod n (1 < A; < n); 

(b) f'neJAAEiA) {l<k^i<n); 

(c) l-ELifk^JAAEiA). 

If we put C := C*{A, {«i(/fc)}i<fc<„), then G is a separable G*-subalgebra of A^j satisfying 
0 !uj(C) = C. Since Ja is an o^-cr-ideal in (Proposition 15.61) . there exists a positive 
contraction u E C A Ja such that 

(1) a^{u) = u; 

(2) uc = c for every c E C D Ja- 
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Define, for 1 < A; < n, 


fk := (1 - m ). 


Then each is a positive contraction in F{A) since both and u commute with A. Moreover 
fk is also a lift of pk- We claim that {fk}i<k<n satisfy the conditions for the approximate 
Rokhlin property. Indeed, since aoj{fk) — fk^i belongs to C' fl Ja, 


aMk) - fk+i = aujiil - u)fl{l - u)) - (1 - M)/fc+i(l - u) 
= (1 - m) [aMk) - fk+i] (1 - “) 

= 0 . 


Similarly, 


fkfe = (1 - u)fl{l - - u) 

= (1 - uffkfei^ - u) 

= 0 . 


Observe that 

1 - /fc = 1 - (1 - m) ( /fc I (1 - m) 
k=l \k=l j 

( n \ n 

1 + f'kU - ufkU). 

k=l J k=l 

Since u & Ja and Ja is an ideal, the last expression belongs to Ja O F{A). Finally, 
sup ||1 - frikc, = sup ||1 - = sup \\l-pT\\t^l = ||1 -Pillgi < 1- 

mSN mSN mSN 

This completes the proof. 


□ 


6. Property (SI) and Rokhlin dimension 

In this section we prove Theorem 11.11 and Corollary 11.21 In particular we discuss how to 
pass from the approximate Rokhlin property, introduced in the previous section, to Rokhlin 
dimension. The results described in this section are largely due to Matui and Sato. We will 
present their proof in a way that hts the language of this paper, but we don’t claim any 
credit or originality. 

As we will see, property (SI) plays a crucial role. Here we state the dehnition in terms of 
central sequence algebras as in [1]. 

Definition 6.1. ([H Dehnition 2.6]) A unital simple C'*-algebra has property (SI) if for every 
positive contraction e, / G P(A), with e & Ja and sup„ ||1 —/"'Ih.w < 1, there exists s G F{A) 
with fs = s and s*s = e. 
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Proposition 6.2. Let A he a unital simple separable C*-algebra such that T{A) ^ 0 and 
dT{A) is compact, and let a be an automorphism of A. Suppose A has property (SI), and 
a has the approximate Rokhlin property. Then for every m E N there exists gi, ...,gm,v in 
F{A) such that 

(i) gi,...,gm are positive contractions; 

(ii) gigj = 0 whenever 1 < i ^ j < m; 

(iii) aa^lgk) = 5'fc+i mod m {1 <k <m); 

(iv) giv = v; 

(v) T.'^=i9kAv*v = 1 ; 

(vi) aff{v) = V. 


Proof. Fix m eN and e > 0. By the £-test f Lemma l5.3p it suffices to construct gi, ...,gm,v 
in F{A) satisfying (i)-(v) and 

(vi)’ \\af){v) — n|| < e. 

Choose £ G M sufficiently large so that -^ < e. Since a has the approximate Rokhlin 
property, we can hnd positive contractions /i ,fim m F{A) such that 

(1) aMk) = fk+i mod im {I < k < im); 

(2) /i/i = 0 (I < i 7 ^ j < im); 

(3) e := 1 - fk e Ja. 

Note that from (1) and (3) we have = e. Let tt : F{A) —)■ n Ai' be the canonical 

surjection. Observe that each 7r(/fc) is a projection in Ai‘^ O Ai' and 

im—1 im 

= 1- 

k=0 k=l 

Since A has property (SI), there exists s E F{A) such that s*s = e and fis = s. Define 
■■■,gmA E F{A) by 


e-i 


1 




9k ■= ^ fk+im and v := ^ (1 < ^ < m). 

i=0 




We claim that these elements have the desired properties. 

Conditions (i)-(iii) are obviously satished. Observe that whenever 1 < f 7^ j < 

= ar(s*)/w-«r(s) = o. 


-1, 


Therefore 


i-i 


£-1 


i-i 


= 7 E “r(*>')oT(s) =) E “iris’s) = 7 E 

ij=0 i=0 i=0 


e = e. 


This observation directly implies condition (v). To verify condition (iv) one uses the facts 
that fis = s and fifj = 0 whenever i 7^ j. Finally (vi)’ follows from a straightforward 
computation. □ 
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The following lemma appeared in Kisliimoto’s work on one-sided shifts on UHF algebras 

(i), and also in [12] and [S]. Ronghly speaking, the resnlt says that if an antomorphism of 
a matrix algebra is “almost” a cyclic shift, then it has a certain kind of Rokhlin property. 

Lemma 6.3. (cf. [ 6 l Lemma ‘2.2]) For any m G N and e > 0, there exists a positive integer 
£ G N such that the following holds. If a = Adn is an automorphism of M^rn+i implemented 
by a unitary u with eigenvalues 

where u = fhere i = s/—!), then there exist mutually orthogonal projections 

Pli P2i Pm: Ql: 0.2: •••: Om+1 

in Mgm+i such that 

(i) \\a{pk) - Pk+i\\ < £ mod m (1 < fc < m); 

(ii) \\(j{qk) - qk+i\\ < £ mod {m + 1) {1 < k < m + 1 ); 

(Hi) EL.Pi + ES'® = i. 

In [3], Kishimoto proved a Rokhlin type theorem by creating a matrix algebra inside the 
UHF algebra in a way that the action on the matrix algebra simulates what happens in 
Lemma [6.31 The crucial observation of Matui and Sato is that, although in a general C*- 
algebra there are no genuine matrix units, the simulation can still be done using order zero 
maps. 

Theorem 6.4. (Matui-Sato) Let A be a unital simple separable C*-algebra with T{A) ^ 0. 
and let a be an automorphism of A. Suppose A has property (SI), and a has the approximate 
Rokhlin property (Definition \5. 7) . Then for any m G N there exist positive contractions 

a\: ..., flm, b\, ..., bm: Cl; Cm+1 

in F{A) such that 

(i) a^(afc) = ttk+i: a^{hk) = hk+i mod m {l<k< m); 

(ii) auj{ck) = Ck+i mod {m + l) {1 <k <m + 1 ); 

(hi) OjOj = 0 , hihj =0 (1 < * 7 ^ j < m); 

(iv) CiCj = 0 (1 < m -|- 1 ); 

(v) biCj = 0 {I < i < rn, 1 < j <m + l); 

(Vi) YI=.ak + YI=.hk + Y.k^lck = l. 

In particular, dimRok(a) < 1. 

Proof. Fix m G M and e > 0. Since we work in F{A), it suffices to produce elements a^, bk 
and Ck satisfying (i)-(vi) up to £. Let i be the positive integer as in Lemma [6.31 that works 
for the £ we fixed. By Proposition 16.21 we can find elements gi, ...,gem and v in F{A) such 
that 

( 1 ) gi, ...,gim are positive contractions; 

( 2 ) gigj = 0 whenever 1 < i 7 ^ j < f'm; 

(3) a^{gk) = gk+i mod (£m) {l<k< im)] 
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(4) QiV = V- 

( 5 ) Y!Zi9k + Vv = l-, 

( 6 ) = V. 

Define 


Then 


Xi := Xi = al ^(v*) {2 < i < im + 1). 

XiX* = a^j‘^{v*v) = v*v = x\xi (2 < 7 < ^m + 1 ), 


and 


{x*Xj){x*Xi) = 0 (1 < * 7^ j < + 1) 

(this follows from the facts that {yv*){y*v) = 0, giv = n, and QiQj = 0 whenever i ^ j). 
Since Xi > 0 and ||a:j|| < 1 for each 1 < z < ^m + 1, by [HI Proposition 2.4] the map 

: Mim+i -t F{A), 'ipicij) = x*Xj, 

where (ejj)i<jj<£m+i are the standard matrix units, is a c.p.c order zero map. 

Dehne an automorphism a G Aut{Mirn+i) by a := Adw, where 

\ 

0 0 1 
1 

u= I 

\ 1 0 / 

with respect to the standard matrix units. Notice that the eigenvalues of u are 

where u = ^ checks that i/j{a{eij)) = for all i,j, and hence ip o a = 

o Ip. By the choice of there exist projections 


Ply ■■■y Pmy Qly ■■■y Qm+1 

in Mim +1 such that 

\W{Pk) — Pk+i\\ < £ mod m (1 < < m); 

ll<^('?fc) ~ '?A:+i|| < mod (m + 1) (1 < A; < m + 1); 

m m+1 

^Pk + ^qk = l- 

k=l k=l 
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Let hj := ^(w*) for 1 < j < i-m and note that hj < gj for each j. Dehne 

hk-='tp{Pk) {l<k<m), 

Ck-='4’(,qk) {l<k<m + l), 

e-i 

^ ' ^ j i,9k+im kk-\-im) (1 ^ ^ ^ m) . 
i=0 

We claim that these elements satisfy (i)-(vi) up to It is clear that a^^^ak) = ak+i for 
1 < fc < m and OjOj = 0 for 1 < i ^ j < m. The mutual orthogonality among bkS and c^’s 
comes from the fact that "0 is an order zero map. Also we have 

\\oiUh) - h+i\\ = Wauji'iPiPk)) - V’(Pfc+i)|| 

= \\^{(^{Pk)) -i/’(Pfc+i)|| 

< IWiPk) -Pk+i\\ 

< 

and similarly \\a^{ck) — Ck+i\\ < s. Finally, 

m m m+l 

y^]ak+y^hk + y^^ck 

k=l k=l k=l 

m i—1 m m+l 

E V'(Pfc) + ^i^{9k) 

k=l 2=0 k=l k=l 

im 

= '^i9k - hk)+'ip{l) 

k=l 

£m £m 

= '^9k xlxk. 

k=l k=l k=l 

Substituting the dehnitions of the x^’s into the last expression and making cancellations, we 
see that the last expression is equal to J2k^i 9 k + 'v*v, which is equal to 1 by construction. □ 

We have effectively proved Theorem 11.11 The proof below summarizes the steps scattered 
in the paper. 

Proof, (of Theorem ll.il) Write (A4, K, E) for the continuous IF*-bundle (X*, dT{A), E) aris¬ 
ing from the uniform 2-norm completion. Since T{A) = T{A)'^, a induces an automorphism 
(d,id) of {A4, K, E). Under the current assumptions each hber 7ix{Ai) is isomorphic to the 
hyperhnite IIi factor TZ, so by Proposition 13.31 for each p G N there is a unital embedding 
a : Mp n Combining Theorem 14.11 and Proposition 15.81 we see that a has 

the approximate Rokhlin property fPehnition 15.7p . Since A has property (SI), we can apply 
Theorem 16.41 which is exactly what we need. □ 
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Proof, (of Corollary ll.2p It remains to show that under the assumption that dT{A) is hnite, 
the Rokhlin dimension of a strongly outer Z-action is no greater than one. As in the proof 
of Theorem ll.l[ it suffices to establish the conclusion of Theorem 14.11 We shall follow the 
notations used in the statement and the proof of Theorem 14.11 In fact, it suffices to obtain 
the following slightly weaker conclusion: for every p G N, there exists a positive integer n> p 
and projections pi, ...,p„ in fl AT' such that 


(i) Pu{Pk) = Pk+i mod n {l<k<n); 

(ii) ELiPk = 1 ; 

(iii) U-Pi\& < 1 - 


Once this is established, a similarly weaker version of Theorem 16.41 would give us Rokhlin 
dimension no greater than one, by Remark 12.21 

Since K is hnite, the continuous fW-bundle {A4,K,E) := (A ,dT{A),E) is nothing but 
a hnite direct sum of the hyperhnite IR factor TZ. Therefore the conclusion above follows 
from the proof of [5l Lemma 3.1] and [IDl Theorem 3.4]. For reader’s convenience we include 
a proof here. 

As in the proof of Theorem 14.11 we will hnd positive contractions ri,..., in AT satisfying 
conditions (a)-(e). Let s = card(iF). First assume that the homeomorphism a : K ^ K 
acts as a cycle (in the sense of permutation theory). Choose a positive integer n > p such 
that n = 1 mod s and fix X E K. Since each power of the automorphism G Aut( 7 r;v(AT)) 
is outer, we can apply Connes’ non-commutative Rokhlin theorem [2] and obtain mutually 
orthogonal projections qi,...,qn in 7 rA(AT) such that 


(a)’ \\l3liqk) - qk+ih,\ < s' mod n {I < k < n)] 

(c) ’ ii[gfc,7rA(a;)]|]2,A < s' {l<k<n,xEfl) 

(d) ’ ELi^fc = 1 


for any prescribed e' > 0. Since K is hnite, for each k there is a positive contraction r(, in 
AT such that T^\{r'^) = qk and vr^(r^) = 0 whenever p ^ X. Dehne 


s-l 

ri:=^/3"Rrj) and {2<k<n). 

j=0 
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One checks that ri, are positive contractions in M satisfying conditions (a)-(d). Con¬ 
dition (e) follows from a calculation/approximation: for every p G -ft" we have 


S —1 


nr^in) =n'^T^(/3^^(r[)) 

j=0 


S — 1 

= (n = 1 mod s) 

j=0 

ns—1 


j=0 



= 1 mod s) 
(condition(d)). 


In the general case, the homeomorphism a can be decomposed into disjoint cycles. Let £ 
be a positive integer such that = id. Now the proof is hnished by choosing n > p such 
that n = 1 (mod £) and repeating the same construction as in the previous paragraph with 
s replaced by £. □ 


Remark 6.5. In the above proof, using a more involved argument one can actually obtain 
the conclusion of Theorem 14.11 for any p G N, not just some sufficiently large n > p. For 
details, we refer the reader to the proof of [m Theorem 3.6]. 
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